Abstract. The paper is devoted to the study of geodesic orbit Riemannian spaces that could be characterize by the property that any geodesic is an orbit of a 1-parameter group of isometries. The main result is the classification of compact simply connected geodesic orbit Riemannian spaces G/H with two irreducible submodules in the isotropy representation.
Introduction and the main results
A Riemannian manifold (M, g) is called a manifold with homogeneous geodesics or a geodesic orbit manifold (shortly, GO-manifold) if any geodesic γ of M is an orbit of a 1-parameter subgroup of the full isometry group of (M, g). A Riemannian manifold (M = G/H, g), where H is a compact subgroup of a Lie group G and g is a G-invariant Riemannian metric, is called a space with homogeneous geodesics or a geodesic orbit space (shortly, GO-space) if any geodesic γ of M is an orbit of a 1-parameter subgroup of the group G. All manifolds in this paper are supposed to be connected. Hence, a Riemannian manifold (M, g) is a geodesic orbit Riemannian manifold, if it is a geodesic orbit space with respect to its full connected isometry group. This terminology was introduced in [20] by O. Kowalski and L. Vanhecke, who initiated a systematic study on such spaces. In the same paper, O. Kowalski and L. Vanhecke classified all GO-spaces of dimension ≤ 6. One can find many interesting results about GO-manifolds and its subclasses in [1, 2, 3, 4, 5, 6, 12, 14, 28, 29] , and in the references therein.
All homogeneous spaces in this paper are assumed to be almost effective unless otherwise stated. Let (G/H, g) be a homogeneous Riemannian space. It is well known that there is an Ad(H)-invariant decomposition g = h ⊕ m,
where g = Lie(G) and h = Lie(H). The Riemannian metric g is G-invariant and is determined by an Ad(H)-invariant Euclidean metric g = (·, ·) on the space m which is identified with the tangent space T o M at the initial point o = eH. By [·, ·] we denote the Lie bracket in g, and by [·, ·] m its m-component according to (1) . The following is (in the above terms) a well-known criteria of GO-spaces, see other details and useful facts in [25] .
Lemma 1 ([20]).
A homogeneous Riemannian space (G/H, g) with the reductive decomposition (1) is a GO-space if and only if for any X ∈ m there is Z ∈ h such that There are some important subclasses of geodesic orbit manifolds. Indeed, GO-spaces may be considered as a natural generalization of Riemannian symmetric spaces. On the other hand, the class of GO-spaces is much larger than the class of symmetric spaces. Any homogeneous space M = G/H of a compact Lie group G admits a Riemannian metric g such that (M, g) is a GO-space. It suffices to take the metric g induced by a biinvariant Riemannian metric g 0 on the Lie group G such that (G, g 0 ) → (M = G/H, g) is a Riemannian submersion with totally geodesic fibres. Such geodesic orbit space (M = G/H, g) is called a normal homogeneous space.
It should be noted also that any naturally reductive Riemannian manifold is geodesic orbit. Recall that a Riemannian manifold (M, g) is naturally reductive if it admits a transitive Lie group G of isometries with a biinvariant pseudo-Riemannian (non necessarily Riemannian) metric g 0 , which induces the metric g on M = G/H (see [9] and [19] ). Clearly symmetric spaces and normal homogeneous spaces are naturally reductive. The first example of non-naturally reductive GO-manifolds had been constructed by A. Kaplan [17] . In [20] , O. Kowalski and L. Vanhecke classified all geodesic orbit spaces of dimension ≤ 6. In particular, they proved that every GO-manifold of dimension ≤ 5 is naturally reductive.
Another important class of GO-spaces consist of weakly symmetric spaces introduced by A. Selberg [27] . A homogeneous Riemannian manifold (M = G/H, g) is a weakly symmetric space if any two points p, q ∈ M can be interchanged by an isometry a ∈ G. This property does not depend on the particular G-invariant metric g. Note that weakly symmetric Riemannian manifolds are geodesic orbit by a result of J. Berndt, O. Kowalski, and L. Vanhecke [8] . Weakly symmetric spaces have many interesting properties and are closely related with spherical spaces, commutative spaces, and Gelfand pairs etc (see papers [3, 31] and book [30] by J.A. Wolf). The classification of weakly symmetric reductive homogeneous Riemannian spaces was given by O.S. Yakimova [31] based on the paper [3] (see also [30] ).
Generalized normal homogeneous Riemannian manifolds (δ-homogeneous manifold, in another terminology) constitute another important subclass of geodesic orbit manifolds. All metrics from this subclass are of non-negative sectional curvature and have some other interesting properties (see details in [4, 5, 7] ). In the paper [7] , the classification of generalized normal homogeneous metrics on spheres and projective spaces is obtained. Finally, we notice that Clifford-Wolf homogeneous Riemannian manifolds constitute a partial subclass of generalized normal homogeneous Riemannian manifolds [6] .
Include the above examples, every isotropy irreducible Riemannian space is naturally reductive, and hence geodesic orbit, see e.g. [9] . A natural problem is to classify geodesic orbit Riemannian spaces (G/H, ρ) such that the isotropy representation χ : H → O(m), χ(a) = Ad(a)| m has exactly two irreducible components. This paper is to solve the above problem when G/H is compact and simply connected. The general problem need special tools and will be considered in the next paper. Indeed, the property to be geodesic orbit is related to classes of locally isomorphic homogeneous spaces due to Lemma 1. First we have the following proposition. Proposition 1. Suppose a compact homogeneous space G/H with connected compact H has two irreducible components in the isotropy representation. Then one of the following possibilities holds:
(1) g = f ⊕ f ⊕ f and h = diag(f) ⊂ g for a compact simple Lie algebra f; (2) g = g 1 ⊕g 2 and h = h 1 ⊕h 2 , where h i ⊂ g i and the pair (g i , h i ) is isotropy irreducible with simple compact Lie algebras g i for i = 1, 2; (3) g = f ⊕ f ⊕ g 1 for simple compact Lie algebras g 1 and f, h = diag(f) ⊕ h 1 , where h 1 ⊂ g 1 and the pair (g 1 , h 1 ) is isotropy irreducible; (4) g = l ⊕ k, where l is a simple compact Lie algebra, k is either a simple compact Lie algebra or R, and there exist a Lie algebra
where g 1 is a semisimple compact Lie algebra, h ⊂ g 1 and the pair (g 1 , h) is isotropy irreducible for i = 1, 2; (7) g is a simple compact Lie algebra.
Furthermore we have the following theorem: Theorem 1. Assume that G/H is a compact and simply connected homogeneous space with non-simple G and the isotropy representation is the direct sum of two irreducible representations (it corresponds to cases (1)-(6) in Proposition 1). Then G/H, supplied with any G-invariant Riemannian metric, is naturally reductive, hence, geodesic orbit.
In fact, those spaces G/H in cases (2), (3), (5) , and (6) of Proposition 1 are normal homogeneous. It is known also that G/H in case (4) are naturally reductive (see details in Proposition 2 below). Case (1) of Proposition 1 is more complicated. For this case, we prove that all invariant metrics on the Ledger-Obata spaces F 3 / diag(F ), where F is any connected simple compact Lie group, are naturally reductive, see Proposition 3 below. Note that for a simply connected compact homogeneous space G/H the group H is connected, but the cases (5) and (6) are impossible.
Finally, we have the following theorem for G simple.
Theorem 2. Assume that G/H is a compact and simply connected homogeneous space with G simple and the isotropy representation is the direct sum of two irreducible representations. If G/H, supplied with an G-invariant Riemannian metric which isn't normal homogeneous with respect to G, is a geodesic orbit space, then there exists K ⊂ G such that H ⊂ K ⊂ G, G/K is symmetric, and (H, K, G) is one of the following cases:
Moreover, every such space G/H, supplied with any G-invariant Riemannian metric, is geodesic orbit. The space of G-invariant Riemannian metrics on G/H has dimension 2 for all spaces except case (1), where it has dimension 3.
Note that the spaces of cases (1), (3)- (9) in Theorem 2 are weakly symmetric, whereas the space of case (2) is not, see details in [26] , [30] or [31] . The spaces of cases (3), (5), (6) for n = 1, and (7) in the above theorem admits generalized normal homogeneous metrics, see details in [4] and [7] . Finally, the spaces of cases (6) and (8) in the above theorem are naturally reductive according to Theorem 3 in [32] .
It should be noted also that simply connected compact homogeneous spaces G/H with simple G and two components in the isotropy representation (that corresponds to case (7) of Proposition 1) are classified by W. Dickinson and M. Kerr in the paper [11] . In order to prove Theorem 2, we use this classification substantially together with special new methods. Another important ingredient is the classification of geodesic orbit spaces fibered over irreducible symmetric spaces by H. Tamaru [29] .
The paper is organized as follows. In Section 2, we classify compact homogeneous spaces G/H with connected H and two modules in the isotropy representation, i. e. we prove Proposition 1. Then in Section 3, we study all invariant metrics on homogeneous manifolds G/H for non-simple G , i. e. cases (1)- (6) in Proposition 1. That is, we prove Theorem 1. Section 4 is to study case (7) in Proposition 1. First we develop a theory for a homogenous space of case (7) to be geodesic orbit. Then we prove Theorem 2 based on the classification given by W. Dickinson and M. Kerr in the paper [11] and the study on principal isotropy groups of representations in the paper [15] .
On two irreducible submodules in the isotropy representation
In this section we prove Proposition 1, hence, describe the structure of compact homogeneous spaces G/H with connected H and two modules in the isotropy representation.
The proof of Proposition 1. Recall that the properties of a module q ⊂ p to be Ad(H)-invariant and ad(h)-invariant are equivalent for a connected group H.
Since G/H is compact, we know that the Lie group G is compact and g is a direct sum of its center c(g) and a semisimple ideal [g, g] . Since there are two irreducible submodules in the isotropy representation, we have dim c(g) ≤ 2. If dim c(g) = 2, then h = 0 and we get case (5) in Proposition 1, because H is trivial due to connectedness.
If dim c(g) = 1, then we have two possibilities:
In the first case we get case (6) in Proposition 1, in the second we get case (4) in Proposition 1 with k = R. It is clear that g 1 is either simple or g 1 = f ⊕ f and h = diag(f) for some simple Lie algebra f in case (6) . Now, we assume that c(g) is trivial. We will use the ideas from Section 3 in [24] . Denote by B = B(· , ·) the Killing form of g. Since G is compact and semisimple, B is negatively definite on g. Therefore, · , · := −B(· , ·) is a positive definite inner product on g. Since the Lie algebra g is semisimple, we can decompose it into a ( · , · -orthogonal) sum of simple ideals
It is easy to see that all these projections are Lie algebra homomorphisms. We rearrange indices so that
Since the Lie algebra h is compact, we can decompose it into a ( · , · -orthogonal) sum of the center and simple ideals
For i = 1, . . . , m, we denote by a i the vector (a i 1 , a i 2 , . . . , a i s ) ∈ R s , where a i j = 1, if ϕ j (h i ) is isomorphic to h i , and a i j = 0, if ϕ j (h i ) is a trivial Lie algebra (there is no other possibility, because ϕ j is a Lie algebra homomorphism). It is easy to see that m i=1 a i j = 1 for j = p + 1, . . . , s, since ϕ j (h) = g j is a simple Lie algebra. Denote also the number dim(ϕ i (R l )) by u i for i = 1, . . . , s, and put u =
Note that (in the above notation and suggestions) the following inequality holds:
Indeed, for i = 1, 2, . . . , p, every g i contains at least one irreducible modules p j ⊂ p, since
is also a subset of p. It is clear that ad(h) acts trivially on this complement, hence we get exactly u − l one-dimensional irreducible submodules in it. Finally, for any i = 1, . . . , m, an · , · -orthogonal complement to h i in ⊕ s j=1 ϕ j (h i ) is also a subset of p. In fact, we deal with compliment to diag(h i ) in h i ⊕ h i ⊕ · · · ⊕ h i (v i pairwise isomorphic summands). In this case we have exactly (v i − 1) ad(h)-irreducible modules. Summing all numbers of irreducible submodules, we get the inequality.
Without loss of generality we may rearrange the indices so that
First, we prove that for any j with v j = 1 we get
, that contradicts to the effectiveness of the pair (g, h). Therefore,
It is clear that v 1 ≤ 3, moreover, v 1 = 3 implies l = 0, m = 1 and we get case (1) of Proposition 1 since the pair (h 1 ⊕ h 1 ⊕ h 1 , diag(h 1 )) determines the homogeneous space with two irreducible submodules.
If v 1 = 2 and v 2 = 2, then v j = 1 for all j ≥ 3, p = 0 and u = l. It is easy to see that m = 2, l = 0, h i = diag(f i ) ⊂ f i ⊕ f i for a simple compact Lie algebra f i , i = 1, 2, and g = f 1 ⊕ f 1 ⊕ f 2 ⊕ f 2 , hence we get case (2) of Proposition 1.
If v 1 = 2 and v j = 1 for all j ≥ 2, then p ≤ 1 and (as it is proved above) we get a i j = 0 for all i ≥ 2. Therefore, a 1 j = 1 and h j ⊂ g 1 for all i ≥ 2. If a 1 1 = 0 then we get case (3), if a 1 1 = 1 then we get case (4) of Proposition 1. Finally, suppose that v j = 1 for all j ≥ 1. Clear that p ≤ 2. For any j we get a i j = 0 for all i > p and h j ⊂ g 1 ⊕ · · · ⊕ g p (see above). Hence, p = 0 is impossible and p = 1 implies that h j ⊂ g 1 for all j, therefore, G is simple, and we get the (7) of the proposition. If p = 2, then u = l, g = g 1 ⊕ g 2 and h = k 1 ⊕ k 2 with k i ⊂ g i , whereas the pair (g i , h i ) is isotropy irreducible, i = 1, 2. Hence, we get case (2) again.
Remark 1. The problem of the classification of compact homogeneous spaces G/H with two components in the isotropy representation and non-connected H, is more complicated and is not studied here.
The cases for non-simple G
This section is to prove Theorem 1. We will discuss case by case. Firstly, for cases (2) , (3), (5) and (6) of Proposition 1, we deal with the product of two isotropy irreducible spaces, hence normal homogeneous, and therefore geodesic orbit. Recall also that the cases (5) and (6) are impossible simply connected compact homogeneous spaces G/H. Secondly, for case (4), we get naturally reductive, hence geodesic orbit metrics. This result is well-known (see e. g. Theorem 3 in [32] ), but for reader's convenience we add also a short proof. Proposition 2. Suppose that g = l ⊕ k, where where l is a simple Lie algebra, k is either a simple Lie algebra or R, and there exists a Lie algebra k 1 such that k ⊕ k 1 is a subalgebra in l and the pair (l, k ⊕ k 1 ) is isotropy irreducible, whereas h = diag(k) ⊕ k 1 ⊂ l ⊕ k. Then every G-invariant Riemannian metric on the corresponding homogeneous space G/H with connected H is naturally reductive either with respect to G = L × K or with respect to L.
Proof. Let ·, · be the minus Killing form of l and suppose that k (in the sum g = l⊕k) is supplied with the restriction of ·, · (we use the fact that k⊕k 1 is a subalgebra in l). We have
for some a, b > 0. Now, let us consider an ad(g)-invariant inner product ·, · * = α· ·, · +β· ·, · on g = l⊕k, α, β ∈ R\{0}. The ·, · * -orthogonal complement to h is m 1 ⊕ m 2 , where m 2 = {(βX, −αX) ∈ k⊕k ⊂ l⊕k}. Clear that ·, · * generates (·, ·) if and only if α = a (we compare the metrics on m 1 ) and 4αβ(α+β) = (α + β) 2 (a + b) (we compare the metrics on vectors (β + α)X, −(β + α)X ∈ m 2 and on vectors (2βX, −2αX) ∈ m 2 for X ∈ k, since (2βX, −2αX) − (β + α)X, −(β + α)X ∈ h). This means that ·, · * with α = a > 0 and β = a+b 3a−b does generate the metric (·, ·) if 3a = β. In particular (·, ·) is naturally reductive with respect to the Lie group G = L × K with the Lie algebra g = l ⊕ k.
4a X, X = (a + b) X, X . In this case (·, ·) is naturally reductive with respect to the Lie group L.
Finally, for case (1) of Proposition 1, we claim that all invariant metrics on F 3 / diag(F ) (the Ledger-Obata space) are naturally reductive, hence, geodesic orbit.
The spaces F m / diag(F ) are called Ledger-Obata spaces, where F is a connected compact simple Lie group, F m = F × F × · · · × F (m factors and m ≥ 2), and diag(F ) = {(X, X, . . . , X)|X ∈ F }. Ledger-Obata spaces were first introduced in [22] as a natural generalization of symmetric spaces, since F 2 / diag(F ) is an irreducible symmetric space. For more details see [10] . Here we deal with the spaces G/H = F 3 / diag(F ). Note also that these spaces give examples of generalised Wallach spaces, see [24] . It is not difficult to get that the spaces of all invariant metrics on F 3 / diag(F ) and naturally reductive metrics both have dimension 3. This hints to the assertion of the following proposition.
Proposition 3. For any compact connected simple Lie group F , every invariant Riemannian metric on the Ledger-Obata space G/H = F 3 / diag(F ) is naturally reductive, hence geodesic orbit.
Proof. Note that any irreducible Ad(diag(F ))-invariant submodule in g = f ⊕ f ⊕ f has the form {(α 1 X, α 2 X, α 3 X) ⊂ g | X ∈ f} for some fixed α i , see details e. g. in [10] . In particular, h = diag(f) = {(X, X, X) ⊂ g | X ∈ f}. We can choose Ad(diag(F ))-invariant complement to h in g as follows:
Any inner product (·, ·) on p 1 is determined by a positive definite form f (x, y) = Ax 2 + 2Bxy + Cy 2 , x, y ∈ R, by the following equality:
where ·, · is the minus Killing form of f. Let us fix such (·, ·). If B = 0, then (·, ·) is normal homogeneous (and even bi-invariant) with respect to F × F = F × F × e ⊂ F 3 (since A > 0 and C > 0). Therefore, all metrics with B = 0 are naturally reductive.
Let us consider also the following two Ad(diag(F ))-invariant complement to h in g:
If A + B = 0, then C > B (since AC > B 2 = A 2 ) and Ax 2 + 2Bxy + Cy 2 = B(x − y) 2 + (C − B)y 2 . Since the vector (x, y, 0) ∈ p 1 is projected to (x − y, 0, −y) ∈ p 2 along h, we know that the metric (·, ·) for A + B = 0 is normal homogeneous (and even bi-invariant) with respect to F × F = F × e × F ⊂ F 3 .
If B + C = 0, then A > B (since AC > B 2 = C 2 ) and Ax 2 + 2Bxy + Cy 2 = C(y − x) 2 + (A − C)x 2 . Since the vector (x, y, 0) ∈ p 1 is projected to (0, y − x, −x) ∈ p 3 along h, we know that the metric (·, ·) for B + C = 0 is normal homogeneous (and even bi-invariant) with respect to
Hence, for B(A + B)(B + C) = 0 we get naturally reductive metrics (·, ·) with respect to some subgroups F 2 in F 3 . Now, let us assume that B = 0, A + B = 0, and B + C = 0. We can supply g with a 3-parameter family of bi-invariant pseudo-Riemannian metrics of the form
Let p 1 is the (·, ·) 1 -orthogonal complement to h in g (for the case α + β + γ = 0), i. e.
The restriction of (·, ·) 1 to p 1 determines a naturally reductive homogeneous Riemannian metric on G/H. Now, we will prove that there are α, β, γ = 0, α + β + γ = 0, such that this metric is the same as the metric generated with (·, ·). If π is the projection
where X ∈ f. These two values are equal (hence, (·, ·) 1 and (·, ·) are isometric) if and only if a 2 α + b 2 β + c 2 γ = f ((a − c), (b − c)). Recall that c = −(aα + bβ)/γ, hence we get the equality
for every a, b ∈ R, which is equivalent to the following system (since a and b could be arbitrary):
It is easy to see that this system is equivalent to the following one: Remark 2. The classification of geodesic orbit metrics on the Ledger-Obata spaces F m / diag(F ) for m ≥ 4 is essentially much more complicated than that for m = 3 and is not known by now.
The case for G simple
This section is to prove Theorem 2. The proof is based on the classification of G/H with G simple and two irreducible submodules in the isotropy representation which is given by W. Dickinson and M. Kerr in the paper [11] . In that paper, they divide such homogeneous spaces into two classes:
(i) H is maximal in G;
(ii) there exists a subgroup K of G such that H ⊂ K ⊂ G. We will prove Theorem 2 by the following steps.
(1) Firstly, we give some necessary conditions for G/H to be geodesic orbit.
(2) Furthermore, by the result in (1), we prove that if G/H is geodesic orbit, there exists a subgroup K of G such that H ⊂ K ⊂ G and G/K is symmetric. In fact, such geodesic orbit spaces G/H belong to the list given in [29] . Remark 3. Among compact simply connected spaces G/H with simple G and two irreducible submodules in the isotropy representation, only the space Spin(8)/G 2 (which is a double cover of SO(8)/G 2 ) has two isomorphic irreducible submodules, see [11, 18] . Hence any G-invariant metric on such spaces G/H except Spin(8)/G 2 has the form (2).
First we study the space Spin(8)/G 2 , which is diffeomorphic to S 7 × S 7 . Clearly the space of Spin(8)-invariant metric on Spin(8)/G 2 has dimension 3, see a detailed exposition in [18] . Moreover, the following is a well-known fact.
Proposition 4 ([33]
). Every Spin(8)-invariant metric on Spin(8)/G 2 is weakly symmetric, hence, geodesic orbit.
Note that Spin(8)/G 2 ∼ = S 7 × S 7 admits a one-parameter family of Spin(8)-normal homogeneous metrics and a two-parameter family of (SO(8)×SO (8))-normal homogeneous metrics. Any other Spin(8)-invariant metric on Spin(8)/G 2 is not naturally reductive.
In the rest of the section we deal with compact simply connected spaces G/H with simple G and two irreducible submodules in the isotropy representation except Spin(8)/G 2 . Recall that every G-invariant metric on every such spaces G/H has the form (2).
Lemma 2 ([1, 2] ). The G-invariant Riemannian metric on G/H with the metric operator A = A λ,µ , λ = µ, is geodesic orbit if and only if for any X ∈ m 1 and any Y ∈ m 2 there is
We will denote by C h (U ) and N h (U ) the centralizer and the normalizer of a vector U ∈ g in h respectively. Note that for any U ∈ g, we have the following direct sum of Lie algebras:
where
We specify Lemma 2, using the idea of the geodesic graph, see [20] . It should be noted that C h (X + Y ) = C h (X) ∩ C h (Y ) for any X ∈ m 1 and any Y ∈ m 2 .
Lemma 3. The G-invariant Riemannian metric on G/H with the metric operator A λ,µ , λ = µ, is geodesic orbit if and only if for any X ∈ m 1 and any Y ∈ m 2 there is a unique (3)) has the required property.
Remark 4. The map Ξ : m → h that sends any X + Y ∈ m to the vector Z from Lemma 3 is called the geodesic graph. It is very useful in the study of geodesic orbit metrics, see [20] . (1) the metric (·, ·) = λ ·, · | m 1 + µ ·, · | m 2 is geodesic orbit for some λ = µ; (2) the metric (·, ·) = λ ·, · | m 1 + µ ·, · | m 2 is geodesic orbit for any λ, µ; (3) for any X ∈ m 1 and Y ∈ m 2 there is a unique
Proof. The implication (2) =⇒ (1) is obvious. Let us prove (3) =⇒ (2) . Clear that for λ = µ we have a geodesic orbit metric. Now, fix some positive λ = µ. According to Lemma 2, it suffices to find
In fact, for λX and µY , there is a unique Z X ∈ C h (X +Y )∩C h (X) and a unique (3) . Now, it suffices to take Z := λ−µ λ·µ (Z X + Z Y ) and apply Lemma 2. Finally, we prove the implication (1) =⇒ (3). We will use the idea from the proof of Theorem 3 in [25] . By Lemma 3, for any X ∈ m 1 and any Y ∈ m 2 there is a unique
. From these two equalities we easily get
The following is to prove the uniqueness of
the theorem holds. Corollary 2. Suppose that the metric with
Proof. Without loss of generality we assume that i = 1 and j = 2. Note that 
Proof. It suffices to note that Z X and Z Y (see (3)) in Theorem 3) are non-trivial and linear independent.
Remark 5. According to Theorem 3, we call a compact homogeneous space G/H with simple group G, connected H, and two irreducible components in the isotropy representation, geodesic orbit if it is geodesic orbit with respect to any (hence, all) G-invariant Riemannian metric, that is not normal with respect to G (i. e. λ = µ).
Theorem 3 allows us to apply special tools to study geodesic orbit Riemannian manifolds (compare with section 5 in [25] ). These tools related to the problem of classifying principal orbit types for linear actions of compact Lie groups. If a compact linear Lie group K acts on some finite-dimensional vector space V (in other terms, we have a representation of a Lie group on the space V ), then almost all points of V are situated on the orbits of K, that are pairwise isomorphic as K-manifolds. Such orbits are called orbits in general position. The isotropy groups of all points on such orbits are conjugate in K, and the class of these isotropy groups is called a principal isotropy group for the linear group K and the corresponding Lie algebra is called a principal isotropy algebra or a stationary subalgebra of points in general position. Roughly speaking, the principal isotropy algebra is trivial for general linear Lie groups K, but it is not the case for some special linear groups.
The classification of linear actions of simple compact connected Lie groups with nontrivial connected principal isotropy subgroups, has already been carried out in [13] , [15] , and [21] . See details in §3 of Chapter 5 in [16] . In §4 and §5 of Chapter 5 in [16] , one can find a description of more general compact connected Lie groups with non-trivial connected principal isotropy subgroups (see e. g. Theorem (V.7') in [16] ).
Let χ : H → O(m) be the isotropy representation of a simply connected compact homogeneous space G/H with simple G. We suppose that χ = χ 1 ⊕ χ 2 , where χ 1 and χ 2 are irreducible subrepresentations on m i with m 1 , m 2 = 0. If G/H with the metric operator A λ,µ , λ = µ, is geodesic orbit, then we have non-trivial information on the orbit types of representations χ 1 and χ 2 . 
Proof. By Theorem 3, for any
It implies that the principal isotropy group of the representation χ 1 has dimensions ≥ 1, in particular, the principal isotropy algebra of this representation is not trivial.
Remark 6. Note that Propositions 5 and 6 follows also from Corollary 5 in [24] .
Since the assertion of Proposition 6 is less restrictive than assertion of Proposition 5, we consider an additional construction. Under the assumptions of Proposition 6, k := h ⊕ m 1 is a Lie subalgebra in g. Denote by K the corresponding connected subgroup in G. It could be defined as the unit component of the normalizer of k in G, hence, it is a closed subgroup. Let us consider the isotropy representation η : K → O(m 2 ) for the homogeneous space G/K. Proof. For any X ∈ m 2 , Y ∈ m 1 , by the proof of Proposition 6, there is a unique
, where C k (X) is the centralizer of X in the Lie algebra k = h ⊕ m 1 . It follows that dim C k (X) ≥ dim(m 1 ). That is, the principal isotropy group of the representation η has dimension ≥ dim(m 1 ).
Theorem 4. Assume that G/H is a compact simply connected homogeneous space with G simple and there are two components in the isotropy representation. If G/H is geodesic orbit, there exists
Proof. Firstly, we will prove that H is not a maximal connected subgroup in G under the assumption. In Table 1 , we list the cases given in [11] such that H is maximal in G. These homogeneous spaces satisfy the conditions of Proposition 5. By principal isotropy algebras corresponding to the tables in Pages 197 and 202 of the paper [15] , it is easy to see that at least one of the principal isotropy algebras of the representations χ 1 and χ 2 is trivial. By Proposition 5, it is impossible.
That is, H is not maximal connected in G. Then there exists connected subgroup Table 2 , we will list the cases in [11] satisfying k := h ⊕ m 1 is a subalgebra of g and (g, k) is not a symmetric pair but irreducible.
Directly by Propositions 6 and 7, dim m 1 in Table 2 and the principal isotropy group of the representation in Pages 197 and 202 of the paper [15] , it is easy to know that all the cases in Table 2 are not geodesic orbit.
In fact, by Proposition 6 and the principal isotropy group of the representation of Spin (11) in Pages 197 of the paper [15] , we know that III.11 is not geodesic orbit.
If K = Sp(n) × Sp(1), the maximal dimension of possible principal isotropy group of the representation of K is (n − 1)(2n − 1) + 3 = dim Sp(n − 1) + 3 + dim Sp(1). Comparing to dim m 1 in Table 2 , by proposition 7, I.20 and I.21 are not geodesic orbit. For this compact semisimple Lie group, if the maximal dimension of possible principal isotropy group of the representation of K is non-trivial. Then the representation of Sp(n) must be µ n with the dimension 2n. Thus the representation of K on m 2 must the multiple of 2n. For I.22 and I.23, the dimensions are 1485 and 4617. That is, I.22 and I.23 are not geodesic orbit.
If K = G 2 , the maximal dimension of possible principal isotropy group of the representation of K is 8 = dim SU (3). But dim m 1 = 11 by Table 2 . By proposition 7, I.29 is not geodesic orbit.
If K = SO(n)×SO(3), the maximal dimension of possible principal isotropy group of the representation of K is 3 = dim SU (2). Comparing to dim m 1 in Table 2 , by proposition 7, III.9 and III.10 are not geodesic orbit.
If K = (SU (3)) 3 , the maximal possible principal isotropy group of the representation of K is SU (2), which is 3-dimensional. Comparing to dim m 1 in Table 2 , by proposition 7, IV.13 is not geodesic orbit.
If K = SU (n) × G 2 , the maximal possible principal isotropy group of the representation of K is SU (n − 1). Comparing to dim m 1 in Table 2 , by proposition 7, IV.6 and IV.18 are not geodesic orbit.
If K = SU (3) × SU (6), the maximal possible principal isotropy group of the representation of K is SU (3) × T 2 , which is 10-dimensional. Comparing to dim m 1 in Table 2 , by proposition 7, IV.30, IV.31 and IV.32 are not geodesic orbit. Table 1 .
V.3 Sp(6) ⊂ SO(429) π If K = G 2 × Sp(3), the maximal possible principal isotropy group of the representation of K is Sp(2), which is 10-dimensional. Comparing to dim m 1 in Table 2 , by proposition 7, IV.33 is not geodesic orbit.
If K = SU (3) × E 6 , the maximal possible principal isotropy group of the representation of K is SU (2), which is 3-dimensional. Comparing to dim m 1 in Table 2 , by proposition 7, IV.41, IV.42, IV.43 and IV.44 are not geodesic orbit.
Since G 2 ×F 4 doesn't appear in the table given in paper [15] , we know that the principal isotropy group must be trivial. It follows that IV.48 is not geodesic orbit.
In summary, we have the theorem.
By Theorem 4, we only need to discuss the case that there exists K ⊂ G such that H ⊂ K ⊂ G and G/K is symmetric. In general, let h ⊂ k be Lie algebras of H ⊂ K respectively. Then we have the following decomposition: Consider the following G-invariant inner product on G/H:
which is as in (2) . Here if g a,b is geodesic orbit for a = b, then g a,b is geodesic orbit for any a, b > 0 [29] (this is generalized in Theorem 3). Also the author gives in [29] the classification of G/H satisfying that G/H is a compact effective irreducible symmetric pair and the metric g a,b is geodesic orbit for any a, b > 0. The classification in [29] doesn't need the condition that there are only two components in the isotropy representation.
Here we list the classification in [29] in Table 3 .
The proof of Theorem 2. According to Theorem 4, we only need to discuss the case that there exists K ⊂ G such that H ⊂ K ⊂ G and G/K is symmetric. In order to complete Theorem 2, we need to choose the homogeneous spaces from Table 3 such that there are only two components in the isotropy representation. Comparing with the classification given in [11] and taking into account Theorem 3 and Proposition 4, we have Theorem 2. so (9) so (8) so (7) su(n + 1) u(n) su(n) n ≥ 2 su(2n + 1) u(2n) u(1) ⊕ sp(n) n ≥ 2 su(2n + 1) u(2n) sp(n) n ≥ 2 sp(n + 1) sp(1) ⊕ sp(n) u(1) ⊕ sp(n) n ≥ 1 sp(n + 1) sp(1) ⊕ sp(n) sp(n) n ≥ 1 su(2r + n) su(r) ⊕ su(r + n) ⊕ R su(r) ⊕ su(r + n) r ≥ 2, n ≥ 1 so(4r + 2) u(2r + 1) su(2r + 1) r ≥ 2 e 6 so(10) ⊕ so (2) so (10) so (9) so (7) ⊕ so(2) g 2 ⊕ so (2) so (10) so(8) ⊕ so(2) spin(7) ⊕ so (2) so (11) so(8) ⊕ so(3) spin(7) ⊕ so(3)
